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A SHORT EXPOSITION OF S. PARSA’S THEOREMS ON
INTRINSIC LINKING AND NON-REALIZABILITY
A. SKOPENKOV
Abstract. We present a short exposition of the following results by S. Parsa.
Let L be a graph such that the join L ∗ {1, 2, 3} (i.e. the union of three cones over
L along their common bases) piecewise linearly (PL) embeds into R4. Then L admits
a PL embedding into R3 such that any two disjoint cycles have zero linking number.
There is C such that every 2-dimensional simplicial complex having n vertices and
embeddable into R4 contains less than Cn5/3 simplices of dimension 2.
We also present corrected statement and proof of the analogue of the second result
for intrinsic linking.
This paper provides short proofs of Theorems 1, 3 and 4 below. It can be considered
as a complement to Zentralblatt review of [Pa15]. Denote [N ] := {1, . . . , N}.
Theorem 1 (S. Parsa). Let L be a graph such that the join L ∗ [3] (i.e. the union of
three cones over L along their common bases) piecewise linearly (PL) embeds into R4.
Then L admits a PL embedding into R3 such that any two disjoint cycles have zero
linking number.
This is formally a corollary of [Pa15, Theorem 1] but essentially a restatement of
[Pa15, Theorem 1] accessible to non-specialists. Theorem 1 trivially generalizes to a
d-dimensional finite simplicial complex L and embeddings L→ R2d+1, L∗ [3] → R2d+2.
See also Remark 7.
Proof of Theorem 1. Consider L ∗ [3] as a subset of R4. Take a small general position
4-dimensional PL ball ∆4 containing the point ∅ ∗ 1 ∈ R4. Then the intersection
∂∆4 ∩ (L ∗ [3]) is PL homeomorphic to L. Let us prove that this very embedding of L
into the 3-dimensional sphere ∂∆4 satisfies the required property.
Take any two disjoint oriented closed polygonal lines β, γ ⊂ ∂∆4 ∩ (L ∗ [3]) ∼= L.
Then (β ∗ {1, 2})− Int∆4 and (γ ∗ {1, 3})− Int∆4 are two disjoint 2-dimensional PL
disks in R4 − ∆4 whose bound aries are β and γ. Hence β and γ have zero linking
number in the 3-dimensional sphere ∂∆4 (by the following well-known lemma applied
to the 4-dimensional ball S4 − Int∆4). 
Lemma 2. If two disjoint oriented closed polygonal lines in the 3-dimensional sphere
∂D4 bound two disjoint 2-dimensional PL disks in the 4-dimensional ball D4, then the
polygonal lines have zero integer linking number in ∂D4.
I am grateful to A. Kupavskii, M. Skopenkov, M. Tancer and S. Parsa for useful private discussions,
and to S. Parsa for public discussion presented in Remark 7.b.
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Proof. 1 Denote by B,Γ ⊂ D4 the two disjoint oriented disks bounded by the polygonal
lines β, γ ⊂ ∂D4. Denote by B′ ⊂ R4 − D4 an oriented disk (e.g. a cone) bounded
by β. Denote by Γ′ ⊂ ∂D4 a general position oriented singular disk (e.g. singular
cone) bounded by γ. We have β ∩ Γ′ = (B ∪ B′) ∩ (Γ ∪ Γ′). Denote by the same
letters integer chains carried by β, γ, B,Γ. Denote by ·M the algebraic intersection
of integer chains in M . Then by general position the linking number of β and γ is
β ·∂D4 Γ
′ = (B − B′) ·R4 (Γ− Γ
′) = 0. 
The upper estimation on the number of edges in a planar graph can be generalized
to higher dimensions.
An embedding of a simplicial complex into R2d+1 is called linkless if the images of
any two d-dimensional spheres have zero linking number.
Theorem 3. (a) (S. Parsa) For every d there is C such that for every n every d-
dimensional simplicial complex having n vertices and embeddable into R2d contains
less than Cnd+1−3
1−d
simplices of dimension d.
(b) For every d there is C such that for every n every d-dimensional simplicial
complex having n vertices and linklessly embeddable into R2d+1 contains less than
Cnd+1−4
1−d
simplices of dimension d.
The result (a) improves analogous result with Cnd+1−3
−d
[De93]. See Theorems 3
and 4 of [Pa15, Pa18] and Remark 8.
The Flores 1934 Theorem states that the d+1 join power [3]∗(d+1) = [3]∗. . .∗[3] (d+1
copies of [3]) is not (PL or topologically) embeddable into R2d [Ma03, §5]. (We have
[3]∗2 = K3,3, so the case d = 1 is even more classical.) The d+ 1 join power [4]
∗(d+1) is
not linklessly embeddable into R2d+1 [Sk03, Lemma 1]. (We have [4]∗2 = K4,4, so the
case d = 1 is due to Sachs.) Theorem 3 is implied by these results and the following
theorem.
Theorem 4. For every d, r there is C such that for every n every d-dimensional
simplicial complex having n vertices and not containing a subcomplex homeomorphic
to [r]∗(d+1) contains less than Cnd+1−r
1−d
simplices of dimension d.
Proof of Theorem 4 is based on the following lemma similar to the estimation of the
number of edges in a graph not containing K3,a+1 (Kovari-Sos-Turan´ Theorem).
Lemma 5. For every integers r,m, a, s and subsets S1, . . . , Sm ⊂ [a] every whose r-
tuple intersection contains at most s elements we have
|S1|+ . . .+ |Sm| ≤ r(ma
1−1/rs1/r + a).
The case r = 3 of Theorem 4 and of Lemma 5 is essentially proved in [Pa15, §3],
[Pa18, §4], see Remark 8. The case of arbitrary r is analogous. Just as in [Pa15, Pa18],
I do not claim that Lemma 5 is new.
The following version of Lemma 5 is also possibly known. It was (re)invented by the
author and I. Mitrofanov in discussions of the r-fold Khintchine recurrence theorem,
see [OC, Problem 5].
1This proof is well-known. For elementary versions of this well-known lemma see e.g. [Sk14,
Lemmas 3.5 and 3.11].
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Lemma 6. For every integers r,m, a and subsets S1, . . . , Sm ⊂ [a] we have
ar−1
m∑
j1,...,jr=1
|Sj1 ∩ . . . ∩ Sjr | ≥
(
m∑
j=1
|Sj |
)r
.
Proof of Lemma 5. Denote by dq the number of subsets among S1, . . . , Sm containing
element q ∈ [a]. We may assume that there is ν ≤ a such that dq ≥ r when q ≤ ν and
dq < r when q > ν. Then the required inequality follows by
m∑
j=1
|Sj| =
a∑
q=1
dq < ra+
ν∑
q=1
dq and
(
ν∑
q=1
dq
)r
(4)
≤ νr−1
ν∑
q=1
drq
(3)
≤ rrνr−1
ν∑
q=1
(
dq
r
)
≤ rrar−1
a∑
q=1
(
dq
r
)
(2)
=
(2)
= rrar−1
∑
{j1,...,jr}
|Sj1 ∩ . . . ∩ Sjr |
(1)
≤ rrar−1s
(
m
r
)
< rrmrar−1s.
Here
• the (in)equalities (1) and (2) are obtained by double counting the number of pairs
({j1, . . . , jr}, q) of an r-element subset of [m] and q ∈ Sj1 ∩ . . . ∩ Sjr ;
• since dq ≥ r when q ≤ ν, the inequality (3) follows by
r!
(
dq
r
)
drq
=
(
1−
1
dq
)(
1−
2
dq
)
. . .
(
1−
r − 1
dq
)
≥
r − 1
r
r − 2
r
. . .
1
r
;
• the inequality (4) is the inequality between the arithmetic mean and the degree r
mean. 
Proof of Theorem 4. Induction on d. The base d = 1 follows because if a graph on n
vertices does not contain a subgraph homeomorphic to Kr,r, then the graph does not
contain a subgraph homeomorphic to K2r and hence has O(n) vertices [BT98] (this
was apparently proved in the paper [Ma68] which is not easily available to me).
Let us prove the inductive step. If a d-dimensional simplicial complex K having n
vertices does not contain a subcomplex homeomorphic to [r]∗(d+1), then any r-tuple
intersection of the links of vertices from K does not contain a subcomplex homeo-
morphic to [r]∗d. Apply Lemma 5 to the set of a ≤
(
n
d
)
< nd simplices of K having
dimension d− 1, and to m = n subsets defined by links of the vertices. By the induc-
tive hypothesis s ≤ Cnd−r
2−d
. Hence the number of d-simplices of K does not exceed
rnn(r−1)d/r
(
Cnd−r
2−d
)1/r
= C ′nd+1−r
1−d
. 
Proof of Lemma 6. Consider the decomposition of [a] by the sets Sj and their comple-
ments. The sets of this decomposition correspond to subsets of [m]. Denote by µA the
number of elements in the set of this decomposition corresponding to a subset A ⊂ [m].
To every pair (A, j) of a subset A ⊂ [m] and a number j ∈ [m] assign 0 if j 6∈ A and
assign µA if j ∈ A. Let us double count the sum Σ of the obtained 2
m ·m numbers.
4 A. SKOPENKOV
We obtain
m∑
j=1
|Sj | = Σ =
∑
A⊂[m]
|A|µA.
To every pair (A, (j1, . . . , jr)) of a subset A ⊂ [m] and a vector (j1, . . . , jr) ∈ [m]
r
assign 0 if {j1, . . . , jr} 6⊂ A and assign µA if {j1, . . . , jr} ⊂ A. Let us double count the
sum Σr of the obtained 2
m ·mr numbers. We obtain
m∑
j1,...,jr=1
|Sj1 ∩ . . . ∩ Sjr | = Σr =
∑
A⊂[m]
|A|rµA.
Hence by the inequality between the weighted arithmetic mean and the weighted degree
r mean, and using
∑
A⊂[m] µA = a, we obtain
ar−1Σr ≥

∑
A⊂[m]
|A|µA


r
=
(
n∑
j=1
|Sj|
)r
.

Remark 7 (on Theorem 1). (a) Although the above proof of Theorem 1 is simple, this
proof easily generalizes to non-trivial results like a simple solution of the Menger 1929
conjecture and its generalizations [Sk03, Example 2, Lemmas 2 and 1’].
(b)2 In spite of being much shorter, the above proof of Theorem 1 is not an al-
ternative proof comparatively to [Pa15, §3] but is just a different exposition avoiding
sophisticated language.3
2The footnotes in this part (b) are technical to the point of being annoying. So let me give reasons
for presenting the footnotes. Part (b) describes relations of the current note to [Pa15, Pa18]. Some
of these relations might seem to be a matter of opinion. So I felt obliged to ask S. Parsa whether he
agrees or disagrees with key sentences of part (b), promising that I will publish his responses literally
even if I disagree with them or find them unclear. This I did in footnotes to part (b). I modified S.
Parsa’s responses only by making references more precise, e.g. by changing ‘the Remark’ to ‘[Pav5,
Remark after Theorem 1]’; I replaced references to a version we discussed by references to publicly
available version, in which the corresponding passages are the same.
S. Parsa’s responses and [Pav5] are public results of our extensive private discussion, not his first
reaction and first version of an update. So the footnotes in part (b) explain
• why at some point I decided to publish this note instead of sticking to my initial suggestion to S.
Parsa of adding this text to his update of [Pa15],
• why later I decided to end our private discussion and start a discussion to be published,
• why at last I decided to end this public discussion, and why I did not start analogous discussion of
Theorem 3 (in spite of my wish not to suppress S. Parsa’s opinion).
I have no more time resource to comment on S. Parsa’s responses, so I ask the reader to find them in
updates of [Pa18] and to check them accurately (just as the reader will check accurately the remarks
in this note).
The footnotes in part (b) concern some important general questions. How to choose what to name as
a main result so that a paper would be clearer? See footnote 6. If we rediscover an idea (or a result)
published earlier, should we refer to that publication? See footnote 5.
3 S. Parsa’s response: ‘I do not have an independent proof of T1 but if one simplifies [Pa15, Proof
of Lemma 1] to prove T1 then it is not alternate to the proof you have written.’ Here ‘if one simplifies’
is not realistic because it is easier to prove Theorem 1 slightly changing [Sk03, Example 2] (which
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The above proof of Theorem 1 is analogous to [Sk03, Example 2]4 where a relation
between intrinsic linking in 3-space and non-realizability in 4-space was found and used.
An elaboration of this idea in a more complicated situation (yielding a simple solution
of the Menger conjecture and its generalizations) was given in [Sk03, Lemmas 2 and
1’]. See also an exposition of this idea in [Sk14, §3.3, §3.6] and a technical presentation
of this idea in [Pa15, the last paragraph of proof of Lemma 1]. Although [Pa15, Pav5]
refer to [Sk03], reference to [Sk03, Example 2] is missing from [Pa15]5 and is given in
[Pa18, Remark after Theorem 1] in a confusing way, see footnote 4.
In my opinion Theorem 1 (in more technical but equivalent form [Pa15, Theorem 1],
[Pa15, the last sentence of Lemma 1]) is the main ‘topological’ result of [Pa15].6
Remark 8 (on Theorem 3). (a) Theorem 3.b is a corrected version of [Pa15, Theorem
4], [Pa18, Theorem 4]. The proof in [Pa15, the text before Theorem 4], [Pa18, §4.1]
is incorrect because the statement attributed to [Sk03, Lemma 1] in [Pa15, the text
before Theorem 4], [Pa18, §4.1] is incorrect, e.g. for d = 1. Proof of Theorem 3.b
follows the same plan as [Pa15, the text before Theorem 4], [Pa18, §4.1], except that
here one uses the correct formulation of [Sk03, Lemma 1], so one uses Theorem 4 and
Lemma 5 for r = 4 not for r = 3 (in the inductive step), and the estimation for K8 not
for K6 (in the inductive base). See also (b), (c), (d).
(b) Proof of Lemma 5 [Pa15, §3.3], [Pa18, §4.3] is incorrect because (9) is not proved.
Indeed, 3
∑
κ2l − 2
∑
κl > 0 is possible, even if κl ≥ 3 for every l.
(c) Proof of Theorem 3 does not use Theorem 1 (see above or [Pa15, §3], [Pa18, §4]).
So the following passages are misleading: ‘Using the linklessness criterion...’ [Pa15,
before Theorem 4] [Pa18, the first line of §4.1] and the phrases ‘These observations
lead us...’ [Pa15, p. 2], [Pa18, p. 4] and ‘A similar result...’ [Pa15, p. 8], [Pa18, p. 13].
is done here) than to understand quite technical [Pa15, proof of Lemma 1] (extensively using the
notation of [Pa15, §2]) and then to simplify it.
4 S. Parsa’s response: ‘The main idea is the same, see updated [Pav5, Remark after Theorem 1]’.
The reference in [Pav5, Remark after Theorem 1] to [Sk03, Example 2] is confusing because it is not
explicitly written that [Sk03, Example 2] contains the main idea of proof of [Pav5, Theorem 1].
5 S. Parsa’s response: I didn’t use ideas from [Sk03] for my proof. That is why I didn’t cite. See
updated [Pav5, Remark after Theorem 1]’. In my opinion, it is our pleasant obligation to cite earlier
papers even if we use their ideas by rediscovering them not by learning them. The sentences marked
with footnotes 3 and 4 imply that the proof of [Pa15, §3] is analogous to [Sk03, Example 2]. S. Parsa
did not disagree with either of these sentences.
6 I am grateful to S. Parsa for disagreeing with that and writing ‘[Pa15, Lemma 1] is the main
topological result, see [Pav5, Remark after Theorem 1] for the reason why they are different’. This
point of view could confuse the reader because [Pa15, Lemma 1 without the last sentence] is an
exercise on linking numbers analogous to well-known Lemma 2. That part of Lemma 1 is a trivial
generalization of the well-known fact that the linking coefficient is preserved under concordance of
2-component links in R3.
I asked S. Parsa if he agrees with ‘[Pa15, Lemma 1 without the last sentence] is an exercise on linking
numbers analogous to well-known Lemma 2’. He expressed neither agreement nor disagreement but
wrote ‘It is different than Lemma 2 not because of last sentence. But I never claimed anything is
difficult, I modified [Pav5, Remark after Theorem 1] and explicitly say it is an exercise. The issue is
not the last sentence, it is the claim that two linking numbers are equal up to sign. See [Pav5, Remark
after Theorem 1].’ It is not written in [Pav5, Remark after Theorem 1] that [Pa15, Lemma 1 without
the last sentence] is an exercise on linking numbers. It is written there that [Pav5, Theorem 1] is such
an exercise, which disagrees with Remark 7.a.
6 A. SKOPENKOV
In Theorems 3 and 4 of [Pa15, Pa18] it is not clear and it is not accurately stated
whether the constant involved in O depends on d (or on n). In Lemma 2 of [Pa15, Pa18]
it is not clear and it is not accurately stated whether the constant involved in O depends
on n, d; it is not clear why the bound for triple intersections is denoted by f(n) but m
is not denoted by g(n).
(d) Precise meaning of the following passages is not clear:
• ‘we can apply Lemma...’ before (6) in [Pa15, §3], [Pa18, §4] (because it is not
explained to which set and subsets Lemma 5.a is applied; it is confusing that parameter
n in the lemma is not the same as in the application of the lemma).
• ‘The bound is best possible given only these conditions on the set systems’ in the
statement of Lemma 2 of [Pa15, Pa18].
• ‘Therefore in the following we [can] assume that κi ≥ 3 for all i’ [Pa18, Proof
Lemma 2].
(e) Reference to arxiv version 1 of this paper is missing from [Pav5, Pa18], although
[Pav5] was prepared in discussions of that version 1 and was put to arxiv after I sent
S. Parsa arxiv reference to that version 1.
In my opinion, a published paper is for users, not for developers. Work on mistakes
and lapses like those described above is developer’s and is usually not within intents
of a user (in particular, of an author of a Zentralblatt report). So this work should be
done before arxiv publication, journal publication and defense of Ph. D. thesis.
References
[BT98] B. Bolloba´s and A. Thomason, Proof of a conjecture of Mader, Erdo¨s and Hajnal on topo-
logical complete subgraphs. Eur. J. Combin., 19(8) (1998), 883–887.
[De93] T.K. Dey. On counting triangulations in d-dimensions. Comput. Geom. 3:6 (1993) 315–325.
[Ma68] W. Mader. Homomorphiesa¨tze fu¨r Graphen. Math. Ann., 178(2) (1968), 154–168.
[Ma03] * J. Matousˇek. Using the Borsuk-Ulam theorem: Lectures on topological methods in combi-
natorics and geometry. Springer Verlag, 2008.
[OC] Olympiad in combinatorics (in Russian), Moscow Inst. of Physics and Technology, 2018,
https://mipt.ru/upload/medialibrary/187/zadachi.pdf
[Pa15] S. Parsa, On links of vertices in simplicial d-complexes embeddable in the euclidean 2d-space,
Discrete Comput. Geom. 59:3 (2018), 663–679. This is arXiv:1512.05164v4 up to numbering
of sections, theorems etc; we refer to numbering in arxiv version.
[Pav5] S. Parsa, On links of vertices in simplicial d-complexes embeddable in the euclidean 2d-space,
arXiv:1512.05164v5.
[Pa18] S. Parsa, On links of vertices in simplicial d-complexes embeddable in the euclidean 2d-space,
arXiv:1512.05164v6.
[Sk03] M. Skopenkov. Embedding products of graphs into Euclidean spaces, Fund. Math. 179
(2003), 191–198, arXiv:0808.1199.
[Sk14] * A. Skopenkov. Realizability of hypergraphs and Ramsey link theory, arxiv:1402.0658.
Books, surveys and expository papers in this list are marked by the stars.
